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NOTATION
DIFFERENTIAL EQUATIONS



Notation |

Integral:

Discrete Interpretation:
» Integral is approximately the sum of f({;)- At;.

» For piecewise constant function f, constant on [fj,t. 1)

we have "‘="" above.
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Notation Il

Differential Equation: Define the function t — X(t) by specifying its
change:

dX=f(t)dt = X(T +/

Discrete Interpretation:

» fis the change of X per unit time (rate of change):
AX(Z‘,‘): f(f,')~At,' = AX(t;)/At/: f(f/).
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Notation Il

Differential Equation - Special Case: Define the function X by
specifying its relative change.

dX=f(1)-X(t)dt < X(T)=X(0) +/0Tf(t)-X(t) dt

Discrete Interpretation:
» fis the relative change of X per time (percentage rate of change):

AX(4) = (1) - X(t) AL < Ax)gg_’)f) /At =1(t).
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Notation IV

Exercise: Excel Sheet with Discretization of Differential Equation

[ Differential Equation.xls

DEOES XL O & -5 B @ E el @

Q- Auf dem Blatt suchen
# Start Layout Tabellen Diagramme SmartArt Formeln Daten. Uberpriifen
o
c2 i 80 (¢ s
A B

[v -

dX(t) = £(8) X(t) dt
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Notation V

State, Pobability, Pobability Measure:

Q={ o,0,...,00 } (probability space)
P({w;}) (probability that we are in state )
P (probability measure)

Probability of an State Configuration (Event):
P({o1. @s,....0%}) = P({o1})+P{2})+...+ P({ex})
Random Variable:
X:Q— R Example: X(w;) payment that depends on the state ;.

Expectation:
Z X(o;)-P({wi})
(SS9}
© copyright 2012 Christian Fries 8/51



Notation VI

Conditional Expectation:

EP(X|F) =
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NOTATION
MONTE-CARLO SIMULATION



Notation VI
Monte-Carlo Simulation

Expectation:

EP(X) == Y X(w)-P({w})

;€N

Monte-Carlo Simulation: Numerical Approximation of Expectation:
Let

Q:={ @, a0,.. 0n)

denote elements from Q - a drawing from , i.e. a set of samples. Some
@;’s may be the same and we may have more @,’s than Q has elements.
Our set of sample paths should have the following property:

A path o € Q occures in Q) approximately m- P({w}) times.
Then we have

1 -
m X(ay)
Cb,'Gﬁ

Z X(wj)-P({a}) ~

;e
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Modeling
Random Variable and Stochastic Processes

Financial Product: A stream of payments depending on events
described in a contract.

Modeling:
Value / Payment — Random Variable

X:Q—R.

» Value of an asset (aka. underlying) at a fixed time t dep. on the
states of the world.

» Payment of a financial product at a fixed time t dep. on state of
underlying assets.

» Value of the financial product at a fixed time t depending on states
of the assets.
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Modeling
Random Variable and Stochastic Processes
Modeling:

Value Process / Payoff Stream — Stochastic Process
:= family of random variables over time

S:[0,%)xQ— R

S(w) with e is a map [0,) — IR: the path of S in state w. Note: All
random variables (at all times t) are given over the same space (2, %)

weQ <« path/history / chain of events
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Modeling
Random Variable and Stochastic Processes

Modeling:
Information is modeled through the filtration:
» Family of o algebras .%;.
> F1 C Fs, t< S,
» Elements of .%; are the events, which may be known at time t.
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Modeling
Random Variable and Stochastic Processes

Modeling:
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Modeling
Random Variable and Stochastic Processes

Modeling:
Information is modeled through the filtration:

» Family of o algebras .%;.
> F1 C Fs, t< S,
» Elements of .%; are the events, which may be known at time t.

Measurable:

X is ZT measurable < X is known intime T

Natural Condition (for stochastic process):

S(T) is .71 measurable.
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Modeling
Random Variable and Stochastic Processes

Example: (Time discrete) stochastic process of coin toss at T4, T», Ts.
Modeling (e.g. a bet):

Q={(h,h,h),(h,ht),(ht h),... (Lttt} -Prob space (head or tail).

X:Q— 1R - Bet with a single payoff
S:{Ty,T5, T3} xQ— IR Bet with payments

. . - or evolution of value
S(Tk) paid at time Ty. (stochastic process)
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Modeling
Random Variable and Stochastic Processes

Example: (Time discrete) stochastic process of coin toss at T4, T», Ts.
Modeling (e.g. a bet):

Q={(h,h,h),(h,ht),(ht h),... (Lttt} -Prob space (head or tail).

X:Q— 1R - Bet with a single payoff
S:{Ty,T5, T3} xQ— IR Bet with payments

. . - or evolution of value
S(Tk) paid at time Ty. (stochastic process)

Natural Condition (*): S(Tx) may depend on events known on or before
Tk only.

& S(Tk,(e1,...,en)) = const. Ve; € {h,t} miti>k
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Modeling
Random Variable and Stochastic Processes

Example: (Time discrete) stochastic process of coin toss at T4, T», Ts.
Define family of o algebras (filtration):

Fo=1{0,Q}

F1=o({{(h**)}{(t,*)}})
F2 = o({{(hh, )}, {(h.t;)}, {(t; h,#) 1, {(t, £, %) }})
Fz=o({{(h.h, M)} {(hh )} {(h.t;h)},... . {(t,1,1)}})

Wy
h w,
w3
Wy
Wsg
t we
wz
Wg

T T T T T
Ty T, Ty Ta Ty

Condition (*) < S(Tk) is -#x-measurable <: Sis adapted to {.%}.
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Modeling
Random Variable and Stochastic Processes

Example: (Time discrete) stochastic process of coin toss at T4, T», Ts.
Define family of o algebras (filtration):

Fo=1{0,Q}
521 :G({{(h**)}a })
1A ) At 1 )}])

F2 = o({{(h,h,x)},{(h;t,
Fz=o({{(h.h, M)} {(hh )} {(h.t;h)},... . {(t,1,1)}})

Condition (*) < S(Tk) is -#x-measurable <: Sis adapted to {.%}.
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Modeling
Random Variable and Stochastic Processes

Example: (Time discrete) stochastic process of coin toss at T4, T», Ts.
Define family of o algebras (filtration):

Fo=1{0,Q)
F1=o({{(hx*)}, {(1+4)}1})
ﬁZZG({{(h,h,*)}, a{(t<h~f‘f)},{(t,t,>k)}})

Fz=o({{(h.h, M)} {(hh )} {(h.t;h)},... . {(t,1,1)}})

Ty T T, Ty Ty

Condition (*) < S(Tk) is -#x-measurable <: Sis adapted to {.%}.
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Modeling
Random Variable and Stochastic Processes

Example: (Time discrete) stochastic process of coin toss at T4, T», Ts.
Define family of o algebras (filtration):

Fo=1{0,Q}

F1=o({{(hx*)} {(1+4)}1})

F2 = o({{(hh,*)}, Al A 6) )
Fz=o({{(h.h,M},{(h.h1)}, )

Condition (*) < S(Tk) is -#x-measurable <: Sis adapted to {.%}.
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Modeling
Random Variable and Stochastic Processes

Modeling:
Prototype of a stochastic process -  building block of 1td processes:
Brownian Motion: W

» W(t) defined over (2,.7, P).

» W(0)=0.
W(t) normal distribution with mean 0 and standard deviation +/t.
W(t) — W(t) normal distribution with mean 0 and
standard deviation /&, — ; (i.i.d).
W(-, ) continuous (but nowhere differentiable) function [0,«) — IR
(P-a.s.).

v

v

v
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Modeling
Random Variable and Stochastic Processes

Construction of realizations at discrete times:

k—1
W(tk ZAW t, (0=t0<t1<...),
i=0

where

W(to):=0 ,  AW(t)=(W(ti1)-W(t))~ AN

© copyright 2012 Christian Fries To
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Modeling
Random Variable and Stochastic Processes

Construction of realizations at discrete times:

W(tk) = IE AW(ti) (0 =h<th< ),
i=0

where
W(t):=0 ,  AW(t) = (W(ti1)—W(E)) ~ A(0,\/tiys — 1) (i.i.d).

Infinitesimal Notation:
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Modeling
Random Variable and Stochastic Processes

Stochastic Differential Equation:
dS=pu(t,S(t)) dt + o(t,S(t))dW(t)
Euler Discretization (e.g.):
AS(t) = u(t, S(t))- At + o(t,S(t))- AW, ,

S(ti1)— S(t) fip1 — 1 ~ A (0,VAL)

S(tir1) = S(t) + u(ti, S(t)) - (i1 — 1) + o(t;, S(t))- AW,

with 5(0) = S(0).

{S(t;) | 0=ty < t; < ...} is the Euler discretization of {S(t) | t > 0}.
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Modeling
Random Variable and Stochastic Processes

Example: log normal process for stock value S:

dS(f) = u()S(Hdt+o(t)SHAW() < dss((t;) = p(t)dt+o(t)dW(t)
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Modeling
Random Variable and Stochastic Processes

Example: log normal process for stock value S:

ds(t)

dS(t) = u(t)S(t)dt+o(t)S(t)dw(t) S(9)

= u(t)dt+o(t)dW(t)
Euler Scheme:
S(tiv1) = S(t)+u(t)-S4) At + o(t)-S(4)- AW, ,
~—~—

~ H(0.\/AT)
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Modeling
Random Variable and Stochastic Processes

Example: log normal process for stock value S:

dS(f) = u()S(Hdt+o(t)SHAW() < ‘{Ss((t;) — u(t)dt+o(t)dW(t)

Euler Scheme:
S(t41) = S()+r(5)-8(t)- At + o(t)-8(1)- AW,
——
~ A (0,\/At)

Log Euler Scheme:

S(ts1) = S(4)-exp ((u(t) ~ 50(0)7)- Ay + o(t)- AW, ),

~ (0, \/AT)
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Modeling
Random Variable and Stochastic Processes

Exercise: Excel Sheet with Monte-Carlo Simulation

eo0eoe Monte Carlo Simulation.xls

NEHSEHS ¥HO & 06 3-8 8- ] @ [100% /%] @) X (Q (Auf dem Biatt suchen )
@ sun | layout | Tabellen | Diagramme | SmamArt | Formeln | Daten | Uberprifen - fe
= z 5

A 8 > E F c i i ] 3 i o N o v Q

Model:
Riskless asset: dB = r B dt
Risky asset:  dS = r S dt + sigma S dW.

r 5%
sigma 10%
deltat 0.01

0.00 0.01 0.02 0.03 0.04 0.05 0.07 0.08 0.00 0.10 0.12
.00 1.00 1.00 .00 100 1.00 1.00 .00 101
E 160.00 100.88 162.15 102.57 55,86 59.77 59.06 56,65 50,61 101.46 i
i 100.00 100.46 102.59 102.74 10033 100.24 100.56 99.71 99,65 101.05 9
St 100.00 100.89 102.05 102.72 102.86 102.90 105.15 103.55 103.88 105.05 10
i 100,00 98,92 9802 99.19 97,50 97,45 97,32 97,09 98,72 97.51 -
i 103.45 104.52 104.82 104.50 103.31 103.59 103.15 102.50 101.86 10
i 100.00 9 97.37 98.67 98.16. 97.35 96.97 95.84. 95.08 95.07 9
i 100,00 101.60 10272 10213 101,59 102.42 104,15 102.75 101.54 10317 10
i 100.00 100.34 102.48 100.81 100.60 100.21 101.73 102.07 101.77 101.54 10
si 100.00 101.18 10197 100.63 10085 103.77 106.90 105.85 106.92 104.71 10
i 100.00 99.70 101.60 103.03 104.66 105.23 107.84 107.88 108.14 110.96 1
i 99.69 99.78. 100.66 100.83 99.28 £}
si Monte Carlo Paths of S(t) 102.8¢ 101.65 96.39. 96.40. 97.38 9
i 98.47 97,42 102.28 100.33 96. 9
St 99.0: 100.83 04.84 2, 103.57 10
si 18000 99.80 97,83 96.35 9574 94.64 9
i 14000 97.82 99.20 99.77 100.21 99.74 10
5§ 12000 97.03 96.25. 97.43 87.02 99.72 £}
si e 99.54 99.10 98,70 97.21 96.38 9
i 3 99.84 100.88 102.03 102.35 106.15 10
i g B 104.32 104.26 104.24 104.23 105.77 10
i 8000 101.28 10277 103.22 103.30 102.90 10
i 4000 99.51 101.30 103.02 102,63 102.66 10
St 2000 67.91 02.1 02.1 103.13 10
si 102.16 104.02 103.82 10234 108.76 10
i oo 106.12 106.16 106.85 107.22 107.90 10
si L T 101.25 10271 101.28 100.87 100.19 10
i Time 102.19 10136 101.61 103.07 105.99 10
i 97.39 97.93. 98,59, 96.92 95.32 9
i 100.00 100.98 10057 100.61 10062 100.61 101.23 102.20 101.54 105.05 10
i 100.00 101.08 99.81 100.94 100.72 101.95 10
i 100.00 99.28 98,40 98.71 99.21 97.16 9
i 100.00 99.12 10086 104.34 103,25 103.44 0
i 100.00 99,08 98.54 0 103.4; 102.68 10
si 100.00 99,16 98.21 101.21 102.95 105.09 10
i 100,00 101.21 103.68 103.40 101.69 103.85 0
i 100.00 99.47 99.47 98,00 98.00 98.01 9
le1 / Tabelle2 | Tabelled | +
Normalansicht Bereit Berachnen Summes=100 v
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Risk Neutral Valuation

Product A: Weather Derivative
At time T, > 0 measure amount of rain R(T) (in mm) fallen at a
predetermined place for a predetermined period. Pay the Euro amount

€
A(Tz) = (R(T2) = X)- —.
What determines the value A(T;) of this contract at time Ty < To?
Note: R(T») is stochastic
= Value depends on assessment of the probability of rain, risk, ...

Product B: Equity Derivative
At time T, measure the quoted value of IBM S(T>) (in €). Pay the Euro
amount

B(T2) :=(S(T2) — X)

What determined the value B(Ty) of this contract at time Ty < T,?
= Product looks most similar to the first one.
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Risk Neutral Valuation

Replication:

The payoff of B can be replicated through products traded in T;:

Let P(T5; T1) denote the value of a credit which has to be payed back in
T> by an amount of 1 (— Zero Bond). In T;:

Buy stock S(T7) and X times a credit P(T5; Ty)
(stock long, bond short).

Then

Value in To: S(Tr)-X = B(T»)
Value in Ty: S(T1)—X-P(T; Ty) = B(Th)

= Value of replication portfolio is a “fair value” for the derivative.
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Risk Neutral Valuation

Discrete Time (74, T»), Two Assets (S, B), Two States (o, m»)
Given: In T, we have two disjoint events (states) w; and @», the
payoff of a derivative product V(T,, »;) and two traded as-
sets Sund B.

Wanted: A portfolio aS+ BB, which replicates the value V(Tz) in
T, for any state.
= Its value in Ty determines the (fair) value V(T7) of V
— cost of replication.

Solution: |
(X'S(Tg;(m)—i—ﬁ'B(Tg;(l)-])i V(TQ;CO1)
/)
o-S(T1)+pB-B(T4)
T

o~ S(To; o) + B - B(To: o) = V(Ta; a2)
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Risk Neutral Valuation

Linear equation, two equations, two unknowns.

o-S(To;01)+B-B(To; 1) = V(To; 01)

/)
o-S(T1)+B-B(T)
—_ |
a-S(T2;w2)+ - B(T2; 02) = V(T2; w2)
Solvable
& S(To;m1)-B(Tp; a0) — S(To; @) - B(To;01) # 0
B<7:é>0 S(T2;0)1) S(Tg,(x)g)

B(Ta;01) © B(T2; o)
Overhead: For every derivative product V, the replication port-
folio a(t), B(t) has to be calculated (though every
time step 1).

© copyright 2012 Christian Fries
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Risk Neutral Valuation

Same example again - but consider everything divided by B

o- S(Tz;04) +B-1 1 V(Tsan)

B(Tz;04) — B(Tz04)
P
S(T;
o g+ 1 —
S(Toia0) L V(Tai0)
@ B(Tz;wz) +B-1= B(Ti;wz)

© copyright 2012 Christian Fries
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Risk Neutral Valuation

Same example again - but consider everything divided by B

S(T2;01) +B-1 L V(Tai01)

& B(Ty;w1) — B(Txm)
P
o g +B1 _,
_p\)
S(Tp; ' V(T
(25e BETz;gg +p-1= B((Ti;gg
In general
V(TH) IP<V(T2)) S(Ty) 1P><S(Tz)>
E and thus E .
B 7" \B(%) BT " \B(T)
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Risk Neutral Valuation

Same example again - but consider everything divided by B

o- S(Tz;04) +B-1 1 V(Tsan)

B(Tz;04) — B(Txm)
_—q—
S(T;
BETB"_B 1 —
S(Toia0) L V(Tai0)
o B(Tz;wz) +B-1= B(Ti;wz)
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Risk Neutral Valuation

Same example again - but consider everything divided by B

S(Ty; U V(T

____q—

S(T,
O"BETBJFﬁ'1 —
1-9
S(T wz L V(Toiw2)

However, if sign (gg%g S(ﬂ)) £ sign (gg%% - g Eg) there exists a

prob.-measure Q s.th.
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Risk Neutral Valuation

Equivalent Martingale Measure
The measure Q is the so called equivalent martingale measure. It does
not depend on V (!) - this does not hold if one considers

V(Ty) éE(V(T2)) in place of ggg ;EG%%)

Numéraire
The measure Q depends on the reference quantity (here B), the so
called numéraire.
Here:
S(Tyn)  S(Th)
S(Tai 1) S(Taiwe) + S(Th) BTeio) — B(Ty)

B(Tin) Y B(Too) B(T) T 7T ey s
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Risk Neutral Valuation

Universal Pricing Theorem:

V(0) v V(Th)
No) (N(Tn) “%)

Assume V consists of finite number of payments

Xijpaidin T;, = N-relative payment value: EQN(

Value

"4 n N X
EQN( 9): E@< / 9)
- Nl 7o) = LB ey | 7o
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Risk Neutral Valuation

Monte-Carlo Si~mulation:
Sample space Q2 = {wy,...,0n}, €.g. m~ 10000

N N f
> n@ =EY (£ | #o) = X14E <N€(’T,-) 0\)

N ~ 1 X
> EC (N(T) f) ~ Lo N(%ﬁ)

= V(0) = N(0)-E¥" < >

1 4 N(0)
; Q;)«wrw
oc —

Q

state price deflator / discount factor
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Risk Neutral Valuation

Monte-Carlo Simulation
Advantages

» Pricing of path dependent options in a natural way.

» High dimensions possible (but slower convergence in high
dimensions).

» Straight forward to implement.
Challenges
» Sensitivities (partial derivatives of option price w.r.t. model

parameters) tend to be unstable (harder to get them stable).

» Pricing of Bermudan option needs additional effort.
» Calibration.

© copyright 2012 Christian Fries
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Risk Neutral Valuation

Monte-Carlo Simulation
Alternatives

» Analytic pricing formulas - only for simple models and simple
payoffs.

» Numerical integration - only for simple models and European style
options.

» Lattice models (PDE, Tree, Markov Functional) - only for low
dimensional models
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RISK NEUTRAL VALUATION
CHANGE OF MEASURE / DRIFT



Change of Drift Trick |

Risk Neutral Pricing: Find a measure Q such that for all underlying
assets S we have

<S(T,+1) > ) _ ST
N(Tis1) N(T)"

then for a derivative the cost of replication V satisfies

o(V(Tr) | 5\ _ V(D)
E (N( Top) |7 ) = N(T)

Martingale Property: (in place of S § or N we simple write X)

EC(X(Tir) | Z1) = X(T) & EYX(Ti)-X(T)) | 1) = 0

=:AX(T;)

How to calculate the measure Q?
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Change of Drift Trick I

Never need to (explicitly) calculate the measure Q:

Conditional Expectation:
EYAX(Ty) | 77) = Y, AX(Ti,0)-Q({o})

weQ

interpretation 1: the measure has changed from P to Q:

_ Qo))
= ¥ AX(Th0)- 5oy B{o))

we

measure changed

interpretation 2: the values have changed:

Q({e})
= ¥ AX(T0) oy B({)

we

value changed

36/51
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Change of Drift Trick lll

Question: How does the process look like, if it has to satisfy the
martingale property?

Answer: The drift is zero.
dX(t) = pdt+odW(t)
and = u=0

EX(X(Tip1) = X(Ti) | 71) = 0

Note: X(Tir1) — X(Tj) = AX = [ dX(1).

© copyright 2012 Christian Fries
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Change of Drift Trick IV

Conclusion:
Instead of calculating the pricing measure (martingale measure), simply
write down the process and calculate the correct drift.

change of measure < change of drift

A Monte-Carlo simulation of that process
corresponds to a simulation under the pricing measure.
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Change of Drift Trick V

It6 Lemma: Main Tool to Calculate the Drift of Processes
Let X denote an Ité prozess with

dX(t)=p dt+o dW.
Let g(t, x) denote some function g € C?([0,] x R). The we have that
Y(t) == g(t, X(1))
is an Ité process with

a9
Ix

a9

102
- (£.X) dXo+ 5 2 (£, X) - (dX)2,

dY;= 5 Ix2

ZI(t,X;) dE+ =2

where (dX;)? = (dX;) - (dX;) is given by formal expansion with

dt-dt =0, dt-dW =0,
dW.dt =0, dW-dW =dt,
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Change of Drift Trick VI

i.e.

(dX0)2 = (dX;) - (dX;) = (i dt+ o dW) - (u dt + o dW)
=p?.dt-dt+p-o-dt-dW+p-o-dW-dt+o?-dW-dW

=o?dt

© copyright 2012 Christian Fries 40/51



Change of Drift Trick VII

It6 Lemma: Example:
dX(t) = uX(t) dt+oX(t) dW.
Consider logarithm of X
Y(t) :=log(X(1))

then 1
dY(t)=(u— 50'2) dt+o dW.
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RISK NEUTRAL VALUATION
ExXAMPLE: BLACK SCHOLES MODEL



Example: Black-Scholes Model

Black-Scholes Model: 4s
dS=puSdt+ocSdW < — =udt+odW

S
Interpretation: Consider discrete times ty, t;, b, t3,.... Then:
AS(t
s( ) =u-Ati+o-AW(t)
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Example: Black-Scholes Model

Black-Scholes Model: 4s
dS=puSdt+ocSdW < — =udt+odW

S
Interpretation: Consider discrete times ty, t;, b, t3,.... Then:
AS(t;
S( ) =u-Ati+o-AW(t)
where
Ati=ti 1 —t A time period.
AS(t) _ S(ti1) — S(t) Relative change of the stock over the
S(t) S(t) period At =t 1 — .
o , , Risk less part: A deterministic drift.
poAf=p- (i —6) u = annualized risk less rate of return.

AW =0 (W(E — W(t
° (t)=o- (W(ti1) (4)) Risky part: A normal distributed random
Normal distributed  variable. ¢ = annualized standard devi-
with variance At; ation of the return.
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Example: Black-Scholes Model
Monte-Carlo Implementation

Implementation: (Monte-Carlo) Simulation: Consider time-discrete
version of Black-Scholes Model
AS(t)
S

= u-Ati+0-AW(L)

i.e.
S(ti1) = S(t)+p-S(t)-Ati+o-S(t) - AW(E).

For a single path (scenario) we have

S(tip1,0) = S(t,w)+p-S(tj,0) - Ati+0-S(t,0)- AW(t;, ) (Euler Sct

Remark: Much more accurate numerical simulation is given by

S(tir1, ) = S(ti, 0)-exp ((1— %62)~At;+G-AW(t;,(D)) (Log-Eulel
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Example: Black-Scholes Model
Binomial Tree Implementation

Implementation: (Binomial) Tree: Consider time-discrete version of
Black-Scholes Model

S(ti1) = S(&)+p-S(t)- Ati+o-S(t) - AW(E).
Approximate the normal distributed AW(t;) by a binomial distributed
random variable AB(t;)

S(tit1) =~ S(ti)+p-S(t) - Ati+o-S(t) - AB(t).
where

+v/AT  with probability
AB(tj) = . o
—/At;  with probability 5
Justification: Repetitive binomial experiments converge to a normal
distribution.

n n
Y AB(t) ~ ) AW(t;) for nlarge.
i=0 i=0
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Example: Black-Scholes Model
Under Martingale Measure

Back-Scholes Model:
Evolution of Money Market Account: dB=r-Bdt

Evolution of Stock ........ : dS=p-Sdt+oc-SdW(t)

Choose Numéraire and consider Martingale Measure:

e S . .
B chosen as Numéraire = B is Q-martingale

Change of Drift Trick:

S S S

drift has to be zero
u=r
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RISK NEUTRAL VALUATION
EXAMPLE: BLACK-SCHOLES MODEL
MONTE-CARLO OPTION PRICER



Example: Black-Scholes Model
Example: Monte-Carlo European Option Pricing

Example: European option value: European option value is a known
function of the underlying process(es) at some future time Tj,:

V(T,) = max(S(Ty) — K,0).
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Example: Black-Scholes Model
Example: Monte-Carlo European Option Pricing

Example: European option value: European option value is a known
function of the underlying process(es) at some future time Tj,:

V(T,) =max(S(T,)—K,0).
Choose a Model for Underlyings: e.g. Black-Scholes

Evolution of Money Market Account: dB=r-Bdt
Evolution of Stock ........ : dS=p-Sdt+o-SdW(t)
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Example: Black-Scholes Model
Example: Monte-Carlo European Option Pricing

Example: European option value: European option value is a known
function of the underlying process(es) at some future time Tj,:

V(T,) =max(S(T,)— K,0).
Choose a Model for Underlyings: e.g. Black-Scholes
Evolution of Money Market Account: dB=r-Bdt
Evolution of Stock ........ : dS=p-Sdt+o-SdW(t)

Choose Numéraire and consider Martingale Measure:

B Numéraire = Z Q-martingale = p=r
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Example: Black-Scholes Model
Example: Monte-Carlo European Option Pricing

Example: European option value: European option value is a known
function of the underlying process(es) at some future time Tj,:

V(T,) =max(S(T,)— K,0).
Choose a Model for Underlyings: e.g. Black-Scholes
Evolution of Money Market Account: dB=r-Bdt
Evolution of Stock .......... : dS=p-Sdt+oc-SdW(t)
Choose Numéraire and consider Martingale Measure:
B Numéraire = Z Q-martingale = p=r
Monte-Carlo Simulation (of the Q dynamics):

B(ti+1, ) = B(to) - exp(r - tit1)
S(tir1,0) = S(t)+r-S(t)+0o-S(t) - AW(t;, o)
for w = 1, w0, W3, W4, W5, g, . .., 0y (SOMe 1000’s samples).
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Example: Black-Scholes Model
Example: Monte-Carlo European Option Pricing

Calculate Payoff for each Sample Path:

Calculate Price:

V(0) =

© copyright 2012 Christian Fries

V(Th,0;) = max(S(Ty, w;) — K,0)

N T,,,a)/) K 0)
; B(Tr.0)
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Example: Black-Scholes Model
Example: Monte-Carlo European Option Pricing

Exercise: Excel Sheet: Monte-Carlo Simulation with Option Pricing

® 0 6

Monte Carlo Simulation with Option Pricing.xIsx

NESH= % 0 -0 3-8 - (E E & o] @ L3 i (Auf dem Blatt suchen )
A Strt | Layour | Tabellen | Diagramme | SmartArt | Formeln | Daten | Uberpriifen < -
o =
2 5 3 3 B i T & =3 oA o8 e 55 o T
T
2 product Specifieation Used in Biack Scholes Formu
= Wasurityz 1.00 G+ 0.4639983
3 Surke: 102 o 36%
5
o prici
7 Option Value: 5.43
) nalytics 5.57
5
10 000 001 0.02 0.03 0.04 005 100
1 I I B(0)| 1.00 1.00 1.00 1.00 1.00 1.00 1.05 “Option Payout
121 Somes T00.00 5525 5576 5515 55.00 525 Tirer 50119655
3 2 S{omega 160.00 5620 5781 5725 0589 9417 5523 o
15 3 S(homesal 100,00 755 5713 56.65 96.30 99,18 107,88 5.5681439
15| % S(nomesal 100.00 %990 6s 5601 97.50 9835 10960 72330195
16 s s(omegal 100.00 %973 930 5997 sess 10082 11437 11770016
17 8 S(tomesal 100,00 9.6 58, 10086 10274 10197 5923 o
18 7 Sltomesa 100.00 500: 10165 10007 961 10304 09831287
150 8 S(iomegal 10000 10138 10230 10202 10565 10476 55.91
20 s S(uomegal 10000 10075 10061 10025 10120 10254 11339 108317
21 10 s(omegal 10000 10057 100.42 5987 9973 99.00 5976
22 11 S(omega 99.18 11373 11157516
25 1 Sltomegal Monte Carlo Paths of Underlying 105,03 10062 o
24 13 s(omesal 10142 12,05 95558976
25 ¢ S(omegal 99.68 10330 12366622
%6 15 S(gomegay| 1600 97,85 5385 o
27 18 sS(iomegal 102,57 122,03 19.05267
25 17 S(nomegal 99.7 5751
25 18 s(yomegal 106,02 11215 5.6964967
50 15 Stomesal| g 10075 100565
31 20 SEomesad)| 3 9968 11047 16.615805
52 21 S(omesal 95.6% 53,55
35 2 S(omegal 9853 10517 3.016885
5 2 s(omegal 9815 11740 14.651729
55 26 S(omegal 10059 105.00 2.6546299
3 25 S(omegal 9822 11682 14101287
57 2 s(omesal 000 0m  odv o800 100 20 | gopis 10362 13537122
38 27 S(omegal Timo 024 5090 o
35 2% S(omegal 9941 10764 5363011
40 2 S(nomega 555 576% 5576 96.01 11996 17.08420
41 30 S(omegal %910 %958 5724 9945 5753 o
4z 3 s(omegal 5978 0019 97,97 5582 o
43 3 S(omegal 10007 10213 10256 10356 1060 4.2234097
43 3 S(omegal 56.02 920 : 11552 13240857
45 3¢ S(omegal 10015 10063 10465 25222527
4 35 S(iomesa 0 3 5312 o
Summe=100 - 7

© copyright 2012 Christian Fries 50/51



Further Reading |

¥ FRIES, CHRISTIAN P.: Mathematical Finance. Theory, Modeling,
Implementation. John Wiley & Sons, 2007. ISBN 0-470-04722-4.

http://www.christian-fries.de/finmath/book.
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