Stability of general shock profiles —
a novel weight function for the non-convex case

Christian Fries

Abstract. Consider a system

we + fu)e = itz (1)
of viscous conservation laws. Let ¢ be a profile for a shock wave associated
with a simple eigenvalue X of f', with end states ¢(F00) = u.

Then there are numbers €o, Bo(u—,us+) > 0 such that whenever |uq —
u_| < €0 and g € L' satisfies Up := fioo uo(z) de € H>?, [|Uo||g2.2 < Bo,
then the solution u(z,t) to (1) with data u(-,0) = ¢ + %o exists for all times
t > 0 and has

lim sup |u(z,t) — ¢(x — st)| =0

t—oo o

(i.e. ¢ is asymptotically stable).

The novelty consists in the absence of any convexity assumption on A;
thus the theorem generalizes a previous result by J. Goodman. In this note we
only sketch the proof of this theorem and focus on motivating the choice of a
new weight function that enables overcoming the technical difficulties caused
by the absence of convexity.

1. Introduction

Consider a system of viscous conservation laws
ug + f(u)e = pgs (1)

whose inviscid part u; + f(u), is hyperbolic, i.e. the Jacobian f’(u) of the flux
function f: R® — R™ can be diagonalized over R at any state u. Assume that f’
has a simple eigenvalue A in a neighborhood of some reference state u. and let ¢
denote the profile of a Laxian shock wave, i.e., ¢ : R = R"™ solves

ue' = h(¢) == f(¢) —sp— (f(u) —su_) , é(+o0) =uzx ,

where u_, uy, s satisfy f(u_)—su_ = f(uy) —sup, Au_) > s> AMuy), and u_,
uy are close to u,. The following is proved in [F1]:

Theorem 1.1. There are numbers €o, Bo(u—_,us) > 0 such that whenever |ug —
u.| < €0 and ug € L' satisfies Uy := [ __ uo(x) dz € H>?, ||Up||g22 < fo, then
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the solution u(x,t) to (1) with data u(-,0) = ¢ + Go ezists for all times t > 0 and
has

lim sup |u(x,t) — ¢p(z — st)| =0 .

t—o0 4

The same result was previously known by Goodman [G1] under the additional
assumption that the eigenvalue A be convex, i.e. r-VA # 0 where Rr = ker(f'—AI).
In other words the novelty of Theorem 1.1 consists in showing the asymptotic sta-
bility of traveling-wave profiles for small-amplitude shocks associated with possibly
non-convex modes.

In this note we only sketch the proof of Theorem 1.1 and focus on motivating
the choice of a new weight function for the primary field that enables overcoming
the technical difficulties caused by the absence of convexity.

The Theorem is restricted to zero total mass, because Uy € H?? implies
f_oooo to(x) dr = 0. A similar result can be obtained for non-zero mass perturbation,
see [F2]. In its proof — using the approach of Szepessy and Xin, [SX] — the same
weight function is essential in different ways.

2. Basic Steps

The proof of Theorem 1.1 consists of a short time existence result and an a-
priori estimate from which global existence and the desired stability result follow.
Focusing on the latter, we consider the difference between the solution u*(x,t) =
¢(xz — st) and a solution u (corresponding to the perturbed initial data ¢ + ).
Let @(z,t) := u(x,t) — ¢(x — st), then from (1)

e+ (" +@) = f(u")), = s . (2)

Multiplying (2) and (2), by @ and integrating [~ _du, ftf dt we easily arrive at

T T
6 Dllwse+ [ e Ol dt < C(lato)llma + [ 116 0llie ). @)

to
Without the last term on the right hand side we would have an a-priori estimate
for ||@(-,T)||gr.2 and the decay of ||@,(+,t)||g1.2. To absorb the term on the r.h.s.
and to get the decay of ||a(-,t)||g1.2 (and hence of sup, |a|) we thus consider the
anti-derivative (or “integrated perturbation”)

Ut —stt)= [ aten de= [ (et ote— st de.

We integrate equation (2) and pass to the moving coordinates (z — st, t):

—sUp, + Up + f(o+ Us) — f(¢) = pUse

T

Ulz,0) = U(x) = / u(€,0) — $(€) de .

—00
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By using Taylor expansion

f@+Us) = f(¢) = f(®)U, — F(¢,Us,)
we thus arrive at the so called integrated equation
Ui + W($) Uy — pUpe = F(¢,U,)
U(-,0) = Uy = / u(e,0) — d(z) da |

where h' = f' — sI. Together with (3) it is thus sufficient to show
T
U DIz +/t U (-, 0)l[7= dt < U, to)ll7e
0
which leads to

T
UG, D)l +/t 10 (5 )32 dt < CIUC, to)l 722 -
0

From the above, global existence can be obtained and thus, using (6) with T =

we get the existence of a sequence (t,,) with ¢, — co and

o0
Uz(t)l)72 =0 /t U ()13, dt = 0.

From (3) (with to = t,,) and (7) we get

. _ _ 2:. 2
lim sup|g(a = st) = (e, = lim sup U (z, 1)

< B (|Uea )30 - 0201 < Jim UL, 012

t
3
< C Jim (It + [ UG )IE) 20 (e = 00)
tn

(5)

(6)

00,

(7)

Thus we concentrate on the proof of (5) where a weight function is essential in the

non-convex case.

3. Motivation of the weight function

Our choice of the weight function is inspired by the choice of Matsumura and
Nishihara for the non-convex scalar case [MN]. Here we present the proof of (5)
for the convex and non-convex scalar case to motivate the choice of our weight

and to discuss some difficulties that arise in the case of a non-convex system.
For simplicity we assume F' =0 in (4):

Uy + W () Uy — pilUpg =0 .

(8)
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3.1. The scalar case with convex flux
Multiplying (8) by U and integrating by parts fix;o dx we obtain
10

and by integrating ftT dt

1
UG T - / / ). U? da dt
2 t

T AT I

to
Together with the assumption of convexity —(h'(¢)), > 0, the inequality above
implies (5).

3.2. The scalar case with non-convex flux

Multiplying (8) by U - w, where w = w(z), and integrating by parts ffooo dz we

obtain
10

35 (w|U)?) dx + / Uwh' ($)U, + pUw, U, + pw(U,)* dz =0

and by integrating j;T dt

1
§||\/EU( |32 / / wh' )+ wy),U? dx dt
to

1
b [ IR < VBTG

Due to the presence of the weight w we get —i(wh'(¢) + wg), in place of
—2(h/(#))a. Therefore the task is to find a positive w such that:

—% (wh'(¢) + pwz), >0 .

Using the ansatz w(z) = w(p(x)) we get

S (@) + ), = —3 (@OH(S) + i (¢)6.) Q
= S (@) (@), =~ (@) ()6

and by choosing

we obtain

5 W (9) + ), = |6
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Obviously, in the case of a system (9) is not valid and (10) has no meaning,
because then h(u) is a vector.

4. Weight for the system case with non-convex mode

Like Goodman [G1] we diagonalize h'(¢). As f' (and hence k') is R-diagonalizable
in a neighborhood of the reference state u. comprising the values of ¢, we find
smooth matrix valued functions

L(z) = L(¢()), R(z) = R(4(z))
such that LR = I and
L(h' (¢))R = diag(A1, ..., \n) ,
where
Ap=A—3s, Ni<0<A (i<p<y)

We substitute U =: RV in (4), multiply by VIW L and integrate ffooo dz,
where W = diag(1,...,1,w,1,...,1):

1
/ 5 gt(VTWV) +VITWAV, + VIWALR,V

+u(VIWL),(RV), = VIWLF(¢,(RV),) dc =0 .
We group the terms above as
(A1) 1 Z2(vTWV)
A2) (w, +uwm)V (Vp)z
A3) iy (=5 ARz + Lk ()2 Ak) (Vi)
Ad) pw((Vp)a)® + 1 Xy (Vi)a)?
B1) Z#p(w/\ + pwe )lp(rj)2 VoV
2) Xigp,izg Aili(15)2ViVj
)
)
)

oy,

B3) uWVIWL,RV, + pnVIWLR,V
B4) uVI'W LR,V
B5) —VTWLE(¢, (RV).)
where L = (Iy,...,1,)" and R = (ry,...,ry).
The terms (B1)-(B5) have to be estimated; they mainly consist of coupling
terms. (A1)—(A4) are what we expect from a decoupled system. In particular (A2)

— the term referring to the primary field — corresponds to the scalar model case of
Section 3.2. Our first task is thus to “find” a positive weight w such that

(
(
(
(
(
(
(
(

1
_E(w/\p +NU)I) = |¢z| .

For this we can prove
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Lemma 4.1. For € := |u_ — uy| sufficiently small there exists w : R — R with
inf w(z), inf(1/w(z)) >0 and
T T

1
—§(w)\p + pws) s = |@a] (11)
Proof. For fixed xg, wo let w be the solution of
Hwg +wA, = —2/|¢)z| dx (12)
o
w(0) = wo,
i.e.,
x 9 Yy
> Ap(&) v Ap(®)
wla) = B g [l 25202 [loa) ay) . s
0 0

We now choose xy such that

[e%e] Yy
y Ap(§) 2
MMz/ﬂltﬁzﬂM% dy = 0,

and correspondingly
+oo y

y Ap(§) 2
woy = /efo Iz g 2 /|¢z| df dy, .
1%
0

0

By A\p(—00) > 0 > A,(00) the function I is well defined and I(—o0) > 0 > I(o0)
implies the existence of zg. This choice is equivalent to the boundedness of w.
By (13)

2 A

lim elo W % . w(z)=0,
T—+o00

by (12)
o P9 y > 0 forz<axg
(ef() e -w) = Zelo d£/|¢x| dr{ = 0 forz=ux
" 7o < 0 forz>ux.

Ap
Consequently elo % %€ .y > 0 and thus w > 0.
As w(£00) = 2 [ |p,]dz/Ap(£00) > 0 by (12), both infw and inf(1/w) are
positive. (|

We now turn to the discussion of the coupling terms. Guided by the explicit
choice (10) which was used for the non-convex scalar case we see that if the flux
h(¢) is of the order e=3 (a natural thing in the non-convex case) then the weight
w is of the order e~'. On the other hand — for a system € has to be chosen small
to control the coupling between the different fields. Although this seems to cause
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difficulties, taking a closer look to our grouping of the coupling terms, we see that
either w appears as wA, + pw, or as w¢, where both can be estimated to be of
order € or €2. In the scalar case of Section 3.2 this can be explicitly verified. For
(11) we can prove

Lemma 4.2. For the weight function w of Lemma 4.1 the following holds:

Wy + pw,| < O]y —u_| (14)
(o)l = [(Wh(8).] < OMlus —u-|-|u] (15)
e, | = [wh(g)] < OM)uy —u_f? (16)

For the proof we refer to [F1].
By Lemma 4.2 the proof of (5) can be completed. E.g. (11) gives positivity

of (A2) and (14), (15) and (16) enable estimating (B1), (B3) and (B4). With (A3)
and (B2) we deal as suggested in [G2] for the case of a convex system.
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